The concept of active sum provides an analogue for groups of the concept of direct sum for abelian groups. One natural question then is which groups are the active sum of cyclic subgroups. Many groups have been found to give a positive answer to this question, while the case of finite metacyclic groups remained unknown. In this note we show that every finite metacyclic group can be recovered as the active sum of a discrete family of cyclic subgroups.
Introduction
The active sum of groups has its origin in the paper of Tomás [10] , where one of the main motivations was to find an analogue of the direct sum of groups, but this time taking into account the mutual actions of the groups in question. For an arbitrary group G, the active sum of a generating family of subgroups, closed under conjugation and with partial order compatible with inclusion, is a group S which has G as an homomorphic image and that coincides with the direct sum of the family in case of G being abelian. In [11] , Tomás recovers any finite group as an active sum of the family of normal closures of its Sylow subgroups. Furthermore, in [9] he applies this construction to the study of the decomposition groups of a Galois extension. For more information about the active sum, and its relation to other areas,
Preliminaries

Active sum
We take as our definition of active sum the one given in [1] . Since in this paper we will only consider discrete families of distinct subgroups, for the convenience of the reader we briefly describe the results we need in this particular setting. Thus we take a (finite) group G, and a family F of distinct subgroups of G that is generating ( F ∈F F = G) and closed under conjugation (∀F ∈ F , g ∈ G, F g = g −1 F g ∈ F ). The active sum S of F is the free product of the elements of F divided by the normal subgroup generated by the elements of the form h
. We obtain a canonical homomorphism ϕ : S → G (surjective since F is generating) with a universal property. By Lemma 1.5 of [1] , ϕ −1 (Z(G)) = Z(S), so we obtain a central extension
/ / . From Theorem 1.12 in [1] we have that ϕ * : H 1 (S) → H 1 (G) is injective (and thus an iso) iff F is regular and independent, notions we will recall next. On the other hand, we will see in Section 3 that when G is a metacyclic group, the arrow ϕ * : H 2 (S) → H 2 (G) is always surjective. As a consequence, in the particular case of G being metacyclic, ϕ : S → G is an isomorphism iff F is regular and independent.
The notions of regularity and independence are explained in more detail in Section 1.2. of [1] . For regularity we recall Lemma 1.9 of this reference:
As for independence, we consider first a complete set of representatives T of conjugacy classes of elements of F . We call T a transversal of F . According to Definition 1.11 of [1] , F is independent iff the canonical homomorphism
Metacyclic groups
A group G is called metacyclic if it has a normal cyclic subgroup K with cyclic quotient. By taking generators a of K and bK of G/K, we can give G a presentation of the form
where the integers m, s, t and r satisfy the conditions
Proposition 1 of Chapter 7 in Johnson [5] shows that a group is metacyclic with cyclic group of order m and quotient group of order s if and only if it has a presentation of this form. If we let L = b , then G can be written as
In the rest of the section we will fix m, s, t and r as the integers of the above presentation, and G = LK as above will be a fixed metacyclic factorization of G. . The center of G is the group Z(G) = a k , b s ′ and the Schur multiplier of G/Z(G) is cyclic of order q/k where q = (r − 1, k)(
, it is easy to see that G/Z(G) is a semidirect product, therefore it has the following presentation
By Theorem 2.11.3 in [6] we obtain that the Schur multiplier of G/Z(G) is cyclic of order (r − 1, k)(
• Remark 2.1 It is easy to see that G ′ = a r−1 , so we also have
Standard Hall decomposition
As we said in the introduction, the Standard Hall decomposition of a metacyclic factorization simplifies the study of finite metacyclic groups. A detailed description of the way it is constructed can be found in Section 5 of [8] .
We will write π(G) for the set of primes dividing G.
Recall that given π a non-empty subset of π(G), a π-subgroup H of G is called a Hall π-subgroup if |H| and [G : H] are relatively prime. By a π ′ -subgroup we mean a subgroup the order of which has no prime in π, and a Hall π ′ -subgroup is defined as before. The standard Hall decomposition is built in the following way: Consider π the set of primes p ∈ π(G) such that G has a normal Hall p ′ -subgroup. By Lemma 2.6 in [8] , the smallest prime in π(G) is in π. Write X and Y for the unique Hall π-subgroup of L and K, respectively, and U and V for the unique Hall π ′ -subgroup of L and K, respectively. Clearly, Y and V are normal in G. Denote by H the Hall π-subgroup XY , and by N the Hall π ′ -subgroup UV . The subgroup N is in fact the intersection of the normal Hall p ′ -subgroups of G with p dividing |G| (see 9.2.1 in [7] ), this implies N normal in G and H nilpotent. On the other hand, it is clear that G = NH and that N ∩ H = 1, so we can write G = N ⋊ H. This decomposition is called the Standard Hall decomposition for the metacyclic factorization G = LK.
Theorem 5.7 in [8] shows that N = UV is a metacyclic factorization of N that splits and that V and the conjugacy class of U in G are independent of the choice of the metacyclic factorization.
The Standard Hall decomposition has many interesting properties, in the next lemma we mention a couple, which we will use in what follows.
Proof. i) and the first part of ii) are i) and ii) of Lemma 5.6 in [8] . To prove that
= g a generator of G ′ and write g i = n i h i with n i ∈ N and h i ∈ H for i = 1, 2. Since N is a normal subgroup of G, the element g can be written as h 1 h 2 h
2 n for some n ∈ N. Now, if h is in G ′ ∩ H, using again the normality of N in G, we obtain h = h ′ n ′ with h ′ ∈ H ′ and n ′ ∈ N. But since N ∩ H = 1, we have h ∈ H ′ .
• 3 Ganea's map, regularity and independence
Recall from Section 2.5 of [1] the exact sequence given by Ganea [3] for G and Z(G):
Therefore we obtain the following exact sequence
Thus, the homomorphism
This happens if and only if |H
In case G is a finite metacyclic group, considering the parameters given in the presentation (1), it follows from Lemma 2.2 and Remark 2.1, that this happens if and only if
but this is clear. We have shown
In other words, H 2 G is generated by elements of the form g ∧ z with z ∈ Z(G) and g ∈ G (where g ∧ z is the image under Ganea's homomorphism of g ⊗ z).
Theorem 2.16 in [1] says that if Ganea's homomorphism is surjective, then to prove that the active sum of a family F is isomorphic to G, it is enough to show that F is regular and independent. Thus we obtain Corollary 3.2 If G is a finite metacyclic group, then every generating regular and independent family of subgroups of G has active sum isomorphic to G.
Our task now is to show that every finite metacyclic group has a regular and independent family composed solely of cyclic subgroups.
For the rest of the section we will assume that G is a metacyclic group with a presentation (1).
Remark. We may assume that G/G ′ is not cyclic since G/G ′ cyclic implies that G is a semidirect product of two cyclic groups. Indeed, assume G/G ′ is cyclic. Choose x ∈ G such that xG ′ generates G/G ′ , and suppose y = G ′ . We have that G is generated by y and x. Assume that y x = y r 1 . Let m 1 = |G ′ | and s 1 = |G/G ′ |, so that x s 1 = y t 1 for some t 1 . Observe that
, we have that m 1 |t 1 (r 1 − 1). On the other hand m 1 and r 1 − 1 are relatively prime, so we have that x s 1 = 1. Finally, since s 1 is the smallest positive integer such that x s 1 ∈ y , we have that G is a semidirect product of x acting on y . Proof. The family is clearly generating. The quotient group G/G ′ is an abelian, non-cyclic metacyclic group, which means it is the direct sum of two cyclic groups. To ask for the family to be independent amounts to ask for Proof. By the two previous results we only need to show that the family is regular Observe that a is always regular since
We would like to show that b is regular as well. That is, we need to see that
We have
Therefore, we need to show that
Suppose that t = q(m, r − 1) and that (m, r − 1) = αm + β(r − 1). If we let z = −qβ then ba t = ba −(r−1)z , which by the previous equality gives
We thus have
, and conclude that b is regular.
•
Metacyclic groups as active sums of cyclic subgroups
We apply the previous theorem to the case of metacyclic p-groups. According to Theorem 3.5 in [8] , if G is a finite metacyclic p-group with p an odd prime, then G has a presentation of the form
where
If G is a finite metacyclic 2-group, then, according to Theorem 4.6 in [4] , G has a presentation of one of the following forms:
A direct inspection of all these presentations, including the one for p odd, shows that they are either abelian or of the form (1) , that is, they satisfy the numerical conditions given for (1) . Furthermore, it is immediate that, discarding the abelian ones, they satisfy the condition of the previous theorem, so we have Theorem 4.1 If G is a finite metacyclic p-group, then it is the active sum of the the family formed by a and the conjugates of b in G (as given in the above presentations).
We now consider the general case. That is, G will be a metacyclic group with a presentation of the form (1) and we fix K = a and L = b as a metacyclic factorization G = LK for G. From section 2 we know that G has a decomposition G = N ⋊ H where N and H are Hall subgroups with H nilpotent. We take for N the metacyclic factorization N = UV considered in section 2.
Since N = V ⋊ U is a splitting metacyclic factorization, if we let V = v and U = u , then N has a presentation
with η ǫ ≡ 1 mod ζ. By [1] we know that N is the active sum of the family We also observe that T = {U, V } ∪ p∈π {A p , B p } is a transversal for F . It suffices to prove that in the case H p non-cyclic, B p is not equal to A Proof. It suffices to show that F is regular and independent.
We first prove regularity. We must show that for every
Let us see that (r −1, |V |) = 1. Suppose there exists a prime p that divides r−1 and |V |. Then p divides |K| and we have p | (r − 1, |K|). On the other hand |G ′ | is equal to |K|/(r − 1, |K|), so the exponent of p in |G ′ | is strictly smaller than its exponent on |K|. This is a contradiction since |V | divides |G ′ | and the exponent of p in |V | is the same as the one in |K|, because V is a Hall subgroup of K.
c) F = A p or F = B p for some p in π.
By the regularity of F H we have
For independence we consider again the transversal T . We prove first that G/G ′ is isomorphic to U ⊕ (H/H ′ ). Since N is the semidirect product of U and V and G is the semidirect product of N and H, each element g ∈ G can be written in a unique way as uvh for some u ∈ U, v ∈ V and h ∈ H. Thus we can define a function f : G → U ⊕ H/H ′ that sends g to u + hH ′ . Now take g 1 g 2 ∈ G and write g i = u i v i h i for i = 1, 2. Since U C N (H), we have g 1 g 2 = u 1 v 1 u 2 h 1 v 2 h 2 , but also V is a normal subgroup of G, so this is equal to u 1 u 2 v ′ h 1 h 2 for some v ′ ∈ V and f is a morphism of groups. Finally, if f (uvh) = 1, then u = 1 and vh ∈ G ′ , which gives the isomorphism. Now, Lemma 2.3 gives us UG ′ /G ′ ∼ = U and V G ′ /G ′ ∼ = 1. On the other hand, since F H is independent and p∈π {A p , B p } is a transversal for it, we have
